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Asymptotic behavior of two Bernstein-type operators is studied in this paper. In
the first case, the rate of convergence of a Bernstein operator for a bounded func-

tion fis studied at points x where f(x+ ) and f(x—) exist. In the second case, the
rate of convergence of a Szasz operator for a function j whose derivative is of bounded
variation is studied at points x where f(x+ ) and f(x—) exist. Estimates of the rate

of convergence are obtained for both cases and the estlmdtes are the best possible
for continuous points.  © 2001 Academic Press

1. INTRODUCTION

For a function f defined on [0, 1] the Bernstein operator B, is defined
by

= 5 7(G) putor pu=(} ) ¥a—xrt )

For a function f defined on [0, oo) the Szasz operator S, is defined by

(nx)*

i <>an xX),  gux)=e™ o (2)
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In 1983 Cheng [ 1] proved that

B,(sgn(t—x), x)=0(n~"%(x(1-x))7>?),  xe(0,1), (3)
where
1, >0
sgn(t) =<0, t=0
—1 t<0.

This result was later improved by both Guo and Khan [3], and Zeng and
Piriou [4].

B,(sgn(t—x), x)=0(n~"*(x(1-x))"'?),  xe(0,1). (4)
As far as the rate of convergence of Bernstein operator for |z — x| is concerned,

Bojanic and Cheng [ 2] proved the following asymptotic form:

B(|t—x|,x)= <2x(1n—x)>1/21+ On~—Y(x(1—=x))~12), xe(0,1)

v (5)

These equations, Egs. (3)-(5), have been used to estimate the rate of
convergence of operator (1) for functions in BV[0, 1] and functions in
DBV[0,1]1={h|l"e BV[0,1]} (cf. [1-4]). In this paper, using results
from probability theory, we shall prove the following result:

:2x— 1 +6(nx—[nx])—3sgn(nx—[nx])
3«/2nx(lfx)\/1;

xe(0,1). (6)

B,(sgn(t—x), x) +o(n™'"2),

As far as Szasz operator is concerned, in 1991 Bojanic and Khan [6]
proved that

20\12 1
S,,(|l—x|,x)=<;> ﬁ+0(n*1). (7)

In present paper we shall give a better estimate that

2x 1
n2 xSt —x|,x)— [©=—=|<2,  xe[0, x). (8)
T \/;;
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Two classes of functions Iz and I, defined as follows, will be considered.

Iz={f: fis bounded on [0, 1]},
and

Ipp= {h: h(x) — h(0) = jo £(1) dr,
fis bounded in every finite subinterval of [0, o0), xe[O0, oo).}

9)

It is clear that class I is more general than BV]O0, 1].

We will use the result in Eq. (6) to estimate the rate of convergence of
Bernstein operator for fe I at those points x that f(x+) and f(x —) exist.
The result in Eq. (8) will be used to estimate the rate of convergence of
Szasz operator for he I,z at those points x that f(x+) and f(x—) exist.

2. RATE OF CONVERGENCE OF BERNSTEIN OPERATORS

In this section we consider the rate of convergence of Bernstein operator
(1) for function fe Iz. We introduce the following three quantities first

Q. (fio)=sup |f(1)—f(x)l,

te[x—3;, x]

+(fi0) =" sup  [f(1)=f(x)],

te[x, x+0,]

Qx, 1, 4)= sup L/ () =f(x)],
te[x—x/A, x+(1—x)/A]
where felg, xe[0,1] is fixed, 0<J,<x,0<d,<1—xand 21> 1.
It is clear that

(1) @,_(f,0;) and Q.. (f, J,) are monotone non-decreasing with
respect to 0, and J,, respectively; Q(x, f, ) is monotone non-increasing
with respect to A.

(i) lims, Lo, Qo (£0)=0, lims o, Q,,(£5,)=0, lim, .,
Q(x, f, ) =0, if f is continuous on the left, continuous on the right, or
continuous at the point x, respectively.

(iii) Qx (f.0 )<Q(x f.x/01) and Q. (f, 9,) SQ(x, 1, (1 —x)/05).

(iv) (S0 S V5i_s () Qur(fs02) S VS, QAx, [, 2) <
Vx+(1+X)M(f)a
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where J72(f) denotes the total variation of the function /' which is of bounded
variation on [a, b].
The main result of this section is shown below.

THEOREM 1. Given felg, f(x+) and f(x—) exist at a fixed point
x€(0,1). Define g (t) as

S —f(x+), x<i<I;
gx(1) =10, r=x; (10)
f()—f(x—), 0<i<x

Then for n sufficiently large we have

Sx+)+/(x—) u(fs n, x)

B — —
o> %) 2 2 x(1—x)/n
2 ” _
<mk§1 Q(x, g, /) +0(n™1?), (11)

where
u(fyn, x)=(f(x+)—f(x—))(nx —[nx] +(x—2)/3)
+(f(x) =f(x=))(1 —sgn(nx — [nx])). (12)

From Theorem 1 we get immediately

COROLLARY. Let felg, f(x+) and f(x—) exist at a fixed point
xe(0,1). If Q(x, g, 2)=0(A71Y), then

f(x+)+f(x_)+ ,u(f,n,x) +0(n—1/2)
2 IR |

To prove Theorem 1 we need a few preliminary results.

B,(f. x)=

LEmMA 1. For xe(0, 1) there holds

1
n, [nx (X)Z
Pr ] 2nx(lfx)\/ﬁ

+o(n"1?), (13)

and

= 1 —172 14
pn, [nx]+1(x) 2nx(l—x)ﬁ+0(n ) ( )
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Proof. Using Stirling’s formula n! = (n/e)" \/2nn e%'?", 0 <0, <1, we
have

P ()X «/27zx(1 —X) f

I’l. x[nx](l x)n—[nx] _ 1

~ [nx]! (n—[nx])! 2nx(1—x) /n

1 ( ’ y < nx >[nx] +1/2 < n nx >n—[nx] +1/2
— el x _1>’
2nx(1—x) /n [nx] n—[nx]

Where ec(n, x):eﬁn/Ianﬁ[”x]/IZ[nx]76n_[nx]/12(n7[nx])_)1 (n_) +OO)
Straightforward computation shows that
g p

lim nx [ax]+1/2 n—nx n—[nx]+1/2 .
n—oo \[1x] n—[nx] o

Hence, (13) holds. (14) can be proved similarly.

The following Lemma is an asymptotic form of the central limit theorem
in probability theory. Its proof and further discussion can be found in
Feller [5, pp. 540-5421.

LeMMA 2. Let {& )7, be a sequence of independent and identically
distributed random variables with the expectation E(&,)=a,, the variance
E(¢,—a,)?=0>>0, E(¢,—a,)® < o, and let F, stand for the distribution
Sfunction of 37_,(&;—a,)/o ﬁ If F, is a lattice distribution and F? is a
polygonal approxtmant of F, (see Definition 1), then the following equation
holds for all the points of F,

3
f o122 du—M(l — ) b e~ =o(n=1?).

\/27z 60° /n N )

DerFINITION 1 [5, p. 540, Definition]. Let F be concentrated on the
lattice of points b +nh, but on no sublattice (that is, 4 is the span of F).
A polygonal approximant F# to Fis a distribution function with a polygonal
graph with vertices at the midpoints b + (n + 1/2)/ lying on the graph of F.
Thus

F*(1)=F(t) if t=b+(n+1/2)h; (16)
F*(t)=L[F(t)+F(t—)] if t=b+nh (17)



BERNSTEIN TYPE OPERATORS 247

LemMMA 3. For every xe€ (0, 1) the following equation holds

2x—1+6(nx —[nx])—3sgn(nx—[nx]) +o(n-12)

] ) ) .
W(sgn(7 —x), x) 3 /2nx(1—x) /n (18)

Proof. Let {¢&;} 2 be a sequence of independent random variables with
the same two-point distribution P(&; =) =x’(1 —x)' =/, j=0,1 and xe[0, 1]
is a parameter. Direct calculation gives E¢;=x, E(; —EE)*=x(1—x)
and E(& —EE)P=x(1—x)(1-2x)< o (cf. [7, p.14]). Let #,=3"_, &
and F, stands for the distribution function of >.7_ (&, —a,)/o ﬁ Then the
probability distribution of the random variable #,, is

Pl =) =) 1 =0 = (),
Hence

(Sgn(t_ = - Z pnk + Z pnk(x)

k<nx k> nx

== pux)= Y pulx)+1

k<nx k<nx
=—P(n,<nx)—P(n,<nx)+1=—-F,(0—)—F,(0)+1
—2F#(0)— F,(0—)— F,(0) + 1 —2F*(0). (19)

From Lemma 2 we get

ZE(fl_al) 1 _
1=2F#(0)= 12
2x—1

(n=172), (20)

3,/27zx1— f

In the following we estimate 2F #(0) — F,(0—) — F,(0).
If nx=[nx], then 0 is a lattice point of F. From (17) we get

2F#(0)— F,(0—)— F,(0)=0.

If nx # [ nx], then

Fn(O)an(O_)z z pnk(x)a

k<[nx]
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and we know distribution function F is a stepfunction. Hence F,(¢)=

2 k<[nx] Pui(X) on the interval [([nx] —nx)/oc ﬁ, ([nx]+1—nx)/o ﬁ).
For 0 <nx—[nx]<1/2, from (17) and (16) it is known that

[nx] —nx 1
(B4 g e, ra)
e 3 ks[éj_lpk(x) kg[:nx]pk(X)

and

[nx]—nx+1/2
().
0_\/’; ks%,x]pk()(:)

By direct calculation we get the expression of F*(¢) on interval | ([nx] — nx)/
o \/1;, ([nx]—nx+1/2)/c ﬁj

F¥()=0/np, a0+ B )+ (=[] = 112) P g ()
Hence, for 0 <nx —[nx] <1/2
F(0) =k<% ] Pu(x) + (nx —[nx]=1/2) p,, ppxy(X).
Similarly, for 1/2 <nx—[nx] <1
F(0) =k<% ] Pl X) + (nx —[nx]—=1/2) p,y, ppxy 41(%).

Consequently

2F(0) = F,(0—)—F,(0)

0, nx =[nx]
=<1 (2nx =2[nx]—1) p, rax(X), [ix]<nx<[nx]+1/2
(2nx —2[nx]—1) P, pnxq+1(X), [ax]+12<nx<[nx]+1.

(21)
Now (18) follows by combining (19)—(21) with Lemma 1.

Proof of Theorem 1. For any felg, if f(x+) and f(x—) exist at x, we
decompose f into

f(,)zwﬂx(m%

7 sgn(t—x)

Sx+)+f(x—)

+0.0)| S0 =T :
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where g (¢) is defined in (10) and

Direct calculation gives

B, (0, x) = (1 —sgn(nx —[nx])) pp, tux1(X). (23)

From (22), (23), Lemmas 1, 2, and simple computation we get

B fo) LTI IR |y g o7,

2 27 x(1 — x) (24)

where p is defined in (12).
Next we estimate |B,(g.,x)|. Recall the Lebesgue—Stieltjes integral
representation. We have

1
Bi(g. %)= | g1 d,Ky(x. 1) (25)
where
Shem Pu(x),  0<i<1
K 1) = S
(1) {0’ o,

We decompose the integral of (25) into three parts as follows:

1
J, € 45 1) = 41, 82) + 42, 82) + 43,022,

where
x—x/ﬁ
Adg) =] gl dK,(x0),
x+(1—x)//n
hidg)=] T el d K
1
Gied=] e dK 0.
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We shall evaluate 4, ,(g,), 4, ,g,) and 4;,(g,) with the quantities
Q. (g4, 01), 2,,(g.,0,) and Q2(x, g, A) (for simplicity, in the following
we shall write them as Q. _(J, ) «+(0,) and Q(x, 1), respectively). First,
for 4, ,(g,) note that g, (x)= we have

x+(1—x)//n
Aangl <] T e =g K (v 0 <@ /). (26)

To estimate |4, ,(g,)|, note that Q,_(J,) is monotone non-decreasing for
0;, hence it follows that

fx—X/\/'; < JX—x/\/;l

4y (gl = 1) d K (x, z)‘ <

Q. (x—1t)d,K,(x,1).

0
Using partial integration with y = x—x/ﬁ, we have

x—x/ﬁ
[ e =0 d K

<O, (=) K y+)+ [ Kfx 0 d(—Q(x—0), (27)

where K,(x, 7) is the normalized form of K, (x, ¢). Since K, (x, t) <K, (x, t)
and Kngx,y+)=Kn(x,y) on (0, 1), from (27) and using the well-known
result K,(x, 1) <K, (X, 1) < Xp < e Pt X) < X(1 —x)/n(1 — x)? it follows that

x(1—x) x(1—x) ¢”» 1
=
o (

n(x—y)? n x—1)?

|A1,n(gx)|<Qx—(x_y) d(_gx—(x_t))

(28)

With the fact that

vy 1
J, o2t

1 Yooy 2
=—mgx,(x—t) 0+J0 Qx,(x—l)mdt
-1 o Lo g 2 4
BTG x—(x_y)'i'? x—(x)+J0 x_(X—t)m 2

we have from (28)

A < Q. _c
| l,n(gx)| nxz x (x)+ n 0 (x_t)g,

x(1—x) x(1—x) r*x/ﬁ
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Putting 1= x—x/ﬁ for the last integral we get

x—x/\/; 2 1 n
L Qv =13 L Q. _(x/\/u) du.
Consequently
1— n
el s (e o+ [Te e, @)
nx 1

Using a similar method to estimate |4, ,(g,)|, we get

Asgl < (@ -0+ [ e —ama). G0

_x
(1—x)
From (26), (29) and (30) it follows that

1— n
|B,(g,, x)| <Q(x, \/,;)+< nxx_,_n(lx_x)><_(2(x, 1)+J1 Q(x, \/;) du>.
(31)

By monotonicity of Q(x, A) and the fact that (1 —x)?+x><1, 1/(n—1) <
1/nx(1—x) (n>1) we have

1
n—1,
L

nx(1 —x)

2 n

Y Qx, k). (32)

k=1

1B,(&xs ¥)| <

I M=

1
Q(x, /k) +m9(x, 1)

2

> /b

k=1

“nx(1—x)

Theorem 1 now follows from (24) and (32).

3. RATE OF CONVERGENCE OF SZASZ OPERATORS

In this section we consider the rate of convergence of Szasz operator (2)
for function h e I, 5 (defined in (9)). First we introduce the quantity

Q*(x.f.0)= sup  |f(1)—f(x)l,

te[x—0,x+9]

where f'is bounded in every finite subinterval of [0, c0).
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The main result of this section is as follows:

THEOREM 2. Let h be a function in 1,5 and let h(t) = O(e*'°%") for some
a>0as t—oo. If f(x+) and f(x—) exist at a fixed point x € (0, ), and
we write t=f(x+)—f(x—), then for n sufficiently large we have

1 1 4x+2 R
Sn(h,x)—h(x)—r(x/Zn)l/zﬁ <ﬁ+ Z Q*(x, ¢, x/k)

(2X + 1)(2x+ 1o

1+ /nx

where [\/ 1 is the greatest integer not exceeding ﬁ and @ (1) is defined as

+0(1) (e/4)™,  (33)

() —=f(x+), X <t< oo
(px(t): O, t:X;
f()—f(x—), 0<i<x

In view of the fact that (l/ﬁ) WM Q(x, 9 k) >0 (n— o0), from
Theorem 2 we get the following asymptotlc formula

1
S, (h, x)=h(x)+ (x/27)"? —+o0 < > , (34)
ﬁ Jn
if & satisfies the assumptions of Theorem 2. In particular, (34) is true for
he DBVTO0, o). For Bernstein operator B,(h, x) Bojanic and Cheng [2]

proved a similar asymptotic formula for 7€ DBVTO, 1].
The following lemma is needed for proving Theorem 2.

LEMMA 4. For xe[0, o) there holds

2x 1
— x|, x) —

Proof. By the fact that S,(¢, x) = x we have
[rx] k\ (nx)*

_ =2 _ —nx
Sli—sl.x)=2 3 <x n) ol

[nx] ( k [Ax]—1 (nx)k .
=2 ) x -2 ) x e
k=0 k=0

(nx)["x]
[Ax]!
If x <1/n, then [nx] =0. Obviously, 0<2 ,/nx e "™ <2.

=2xe ™
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Hence
|2x 2
— x|, x) =nx xe_"x—f‘SZ.
v
If x> 1/n, then [nx] > 1. Using Stirling’s formula n! = (n/e)" \/2nn %/
0<0,<1, we get
2x 1
n3/2\/); <S — x|, x) X\/>
[Ax]+1/2
:fnx <e-nx+[nx] <M> e 1)
n [nx]
2 2 [nx]+1/2
=fnx(ec—l)+ecfnx<e_”x+[""] (nx) —1>,
VA n [nx]
where
efl/(lz[nx])gecgl. (36)

Thus, from expansion formula ‘=Y, ¢'/i!, it is not difficult to show
that

nx e —1|<1/4.

On the other hand, write nx =[nx] +¢ (0<e<1), then

[Ax]+1/2
ec\/inx efner[nx] <I’ZX> N —1
n [nx]
2 nx e [ax]+1/2
f (g
[ nx] [nx]

2 nx . e [ax]+1/2
7 Tne] L <€ * [nx]> - 1>

. nx]+1/.
<2f[nx]<es<l+ ¢ >[ ] 12—1>.
n [nx]

It is easy to verify that

e [nx]+1/2
[nx] <es<l+[ ]> —1><3<1.
nx
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Consequently

2x1

ﬁ 2\ﬁ<2
NN

— x|, x)—

The proof of Lemma 4 is completed.

Proof of Theorem 2. By straightforward computation we find that (cf. [ 2,
pp. 138-139])

2 x) ) =TT g g
—L,(h,x)+ R,(h, x)+ Q,(h, x), (37)
where
Lih= 3 ([ g0dt) guin.
k <nx kin
k/n
Rihv= T ([ ondr)gun
nx <k <2nx x
and
0h0= 3 ([ purrdr) guix)
k >2nx k/n
Define
= > gux), 0<r<x.
k<nt
Then
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Since ¢, (x) =0, K,(x, t) <1, by monotonicity of Q*(x, ¢, J) we have

[ﬁ]
Rx.0)o ()dr‘<9(x 0o/ <2 0% (x, v, ).

N

Again, for r<x it is known that K,(x, )= Dk T X) S (1/(x
S,((t—x)% x) <x/n(x —t)% Hence

L—x/x/;

ol —t :
. (%, @y, x )(x_t)2

Jx—x/\/;l ~

R0 oty di| <>
n

x r —x//n dt

0

Replacing the variable ¢ by x — x/u for the last integral, then

x—x//n Vn
[T R el d < [T 2%(x g x/u)
0 nx Ji
1 L/l
<- Q*(x, @, x/k)
L
Consequently
2x 4+ 1 [Vl
L ) <=2 8 0%, g k) (38)
k=1
A similar estimate gives
x4+ 1 [Vl
(R, (h, )| < L2 g k) (39)

Finally by the assumption A(t) = O(e*'°¢?) for some « >0 as t — oo, and by
direct computation it can be shown that (cf. [9, (31), p. 320])

(2)6 + 1)(2x+1)<x
1+ /nx

Theorem 2 now follows by combining (37)—(40) with Lemma 4.

1Q,(h, x)| = O(1) (e/4)™. (40)

Remark. 1f fis continuous at x, then (11) becomes

nx

Bfx) [0 S ——— 3 0. f, /) (41)
(1-x), 7
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and (33) becomes

4x +2 [ (2x + 1)@x+ D=

1S,(h, x) = h(x)] < Y. Q*x, @y, x/k)+O(1)
k=1

(e/4)™.
e

Inequalities (41) and (42) are the best possible we can get in the sense that
they cannot be improved any further asymptotically (see [ 1, 4, and 8]).
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